1/\& Lb,iv\q ovelr ond C;oth up Theoveans

[+ RCSS omad § is inkgml over R, how does Opecd
CLovipare 1O S@-ac,R?

—DIL_(,OV'UVV\.; Su’PPOS'Q' Qgg OI/\AJ S % (’C\—jv'ol( over 12 \@
pe%p,oufz) v 8 sowae Q) C’Sp—t&% with ROQ=P
Movaove,v) (D Com be chosen To  conbarn WV\J tcheo

ONN Mat Satisfres ROQ, € P

PE: Let ®.SS ot RN, SP Wwe com replace
S ond R with 54 ad SRag, o4 essum
@o=0. Wz thus only need to prwure T fist
statement in Twe theovem.

let U=R-P  Since Tmaure 18 oo == corrve spcmdl.w\u_
hetween prvies i UTS ond priwmes v S not W\Leﬂl'ﬁ\j
R ‘°3 u-l[z :RPJ

U, we o replace S loy U'S ound

e cossume R ois locel w/ max'l i | P

Any waximal (deal of S Lcﬂnjvuiv\il:j PS  has preimage
in R c,crv\{—a(m'mj P od taus equal to P Ty, we
gust ned b show  PS i conbrined in o max'l ideal,
i.e. PSS



£ PR=S,

[: S]PI ‘l‘---'l-ShPh_

wheve 5.¢9, preP St §=-R(s,...,s.) €S
T 1€ PS5, PS=S Since ¢ g l'l/\(-{_jral ond
Fnitely qunwated /R, it's ke [R.

Bla NQKCLUWWLQ, S, =O_, a contradichon, .
Thig ivmvme,o(fa{-d-ﬂ implies the Classical ”Ltafv\j over | Theovem:

Cov (qu'l/ua, ove,v}- £ RS ig am I'V\(-t_jra( éX'f-uASdelJ v,

%WSﬁSHc? ig guvdc,m‘\’vc.
Note ™mat The ih*‘eﬂmu{‘j lmjpoT\/u_Sig (s heCesgavy !

EX: Debime Y R KLy =S
F /= %

Twe nonzero p\/\'vu.,e_s N & Ave

ot twe Fovin (’?f—aJlg-'/w) o +0.

b particular, Mo Prermages
ave of e fvun (JV'O‘)) So l
() is not v Twe image of

twe Spec map.



Ex: Lt R he o Cing on-d UCR wultplicatively cloged.
Suppose U tomtaing sovme nonumit  r, and
con s dic- R_auu‘R.

Lt PQQ e a privne ileal Lcm{-aim‘v\ﬂ . Fov
QGS(J{(,U_‘RJ LlﬁfQJ 30 @OAR + P Tuus

dpec U R — SPQCR

is wot squLOﬁ‘VQJ v R—eu_\Q (s O\nh] im(—cﬂml
(6 U comsichs o umits (e 1€itg o isfumovpl«im)

Twe Theovem also implies tue “Caofuj u‘o“ Theovemnm :

Cor (Goingup): ‘¢ RS s inkeqral  oned
P,CP S .- P achain of primes in R Mere exists
& chain of prime @EQE SO, in § such
Mat  each @; onbracks b Pl e, QAR =P..

P_C_'- Fivst find (O \oa e Meovem. Ten  we com
Lwnd each Q;ﬂ l‘vx(iuc,h'velxj bta e Theovem since
QlﬂR < P{-\-[. W

We  will prove M“So(hj dowun " Huov-en (wlm'dn
Vﬁquiw—s More lngpoMSas} later



£ R oo § ave imkjm( domaing | we e  onsider
Twe  field  exbension ot Tweiv fiddds of factiong | K(R)

o K(S):

Lemima 0 Let RES be i\/\(-gjrql dowmaihs ond fuppose

KRYCK(S) is onv algebraic exbomsion. T  for
icleal IQSJ TNAR+O0.

O\AM-j hWownetir-o

.P_;.F: [+ SMF’@"C&S 'h.) ASsSuvae I: (lo) QS M

a, b tm+abta,=0 w/ a;sK(R), a,*0.

We o mulfiply ‘H«Vouiln lo.j a common denoviing fov
o asSune all aééR' —h’”"s)

a,¢ (INR. 1O
8
®)

Note twat  fwis means Twat i€ R s a feld, oy
nowzewo deal o S contmine all of (2) so It
Confaing [ 50 S tmuct he a FAeld as well. Tursg

j“’“ ws e ﬁ)l\owiv\ﬂi

Qov: 16 RCS is am inkegral exkension o inkeqral domains,
o S s a feld &= R i a fHeld.

PE: 16 R g o feld, Twun S 15 contumed in twe



aka/(omz'c clogure of R in K CS)) so all of KCS)
(s. —ﬂau.s) Wwe Cconc app(nj (\ lew»w\.z«.J %0 S 1§ O ﬁ't(d.

& Qg o Beld, lef mcR a max'l ideal. Taun Twerels
a prime @ SN sk QN =wm. But @0, vw m=0.
Twus R g o feld T

Note twat i€ PCS g a prinie o |
R/ cC 3
SR € 7P
is also am ('hij'M( extension, so Twe  covollary imnplies:

C&Vi 1€ RSES o n‘v\k«ﬁra( extengon of ivxk-grml AOWMQ(MJ
ord  PeSpecS, tm PCS i maximmal & PIRCR

i«  WMaXimal.

We com also use the levmnma o dduce Twat Hwo

poivts v e fiber of T map on Spee mast be
I'V\L,mmpowo\(ou- That iy :

Cﬂr: e RES ig om m{—cjwlf est.’th T i F

QRe®, €S

ave prwe (duals <. QAR = QlﬂR, Twem Q = Q[-



PE Lt PQOR Thw 7P €% s inkgal

Twus S,/Q s M+eﬁm( ovey R(R/p\/ So K(S/QB 18
as well (sne K(%) ic « -Piou\)

&/& N R/P =0, o The lemuma Soys Q%Q’O)
v Q¢=Q-U

Tis auO\NS ns to Cowpare 'h/% dfwwwsim'\g ot er—cp
onnd. Sp—ec.g .

T}f_.’ The (\(mu] divension ot R is The SUpremume. o
leMj’nAg o Clhains 0% prime ideals of R, ie

dim R := SMP{dl 3 P';E-Sp—cg[z 5.k PO$P‘$§§P}5
Ex: ) & k iz a field, dmk=0.
2) tn k(% vy honiewn ideal 1§ max'l, so dim ()= 1.
%B "V\’ htqla---)lxm-}J OQ(?{A g("‘u'x")gr: Tt g('xla---)?(h)J So

dim kC’Xl,.-._,’XA?"‘-- We will see [ater That this iy aw
equa(l'hj C\Nl'\u'bb\ g %MvPVm'gl'V\jl\j l/\anf' o %’\AU\/\J‘),

_C_ow_r.: 1€ RGOS i t'mkﬂkq(J e dimBR =dim .



BE e RERG-ER & o« duin of prme R
T C;\ol'\n.j Wp Sa\ﬁg We  Cam ﬁ'\aoq oo chain
Q C C Qv In S <o dim S }A{wP,

oT -7 ¢ )

o+ ---

The  previous covollary says Q;NRE R, VR v ench
(0 S0 dimR=dwmS. 0

)

Q8- SO, s a chain & primes in S, M

We will tovne back 10 dinension soow odder frst

d(scuss(v\f; sovne W poviiomad nVartants of  modules.



